We propose an efficient all-optical phase modulation based on a double-Λ system and demonstrate a π phase shift of a few-photon pulse induced by another few-photon pulse in cold rubidium atoms with this scheme. By changing the phases of the applied laser fields, we can control the property of the double-Λ medium. This phase-dependent mechanism makes the double-Λ system different form the conventional cross-Kerr-based system which only depends on the applied laser intensities. The proposed scheme provides a new route to generate strong nonlinear interactions between photons, and may have potential for applications in quantum information technologies.
The realization of all-optical π phase modulation, ultimately at the single-photon level, is a challenging task in quantum information science [1] [2] [3] . To enhance strong optical nonlinearities at low light levels, electromagnetically induced transparency (EIT) is one of the most promising technologies [4] [5] [6] . An N-type all-optical control of light based on EIT has attracted considerable attention over the past decades [7] [8] [9] [10] [11] [12] [13] [14] [15] . Recently, Bajcsy et al. have realized the N-type all-optical switching in an atom-filled hollow fiber with light pulses containing a few hundred photons [16] . Furthermore, the Ntype all-optical phase modulation (APM) at the level of a few hundred photons has also been demonstrated in cold atoms by Lo et al. [17] . However, due to the interaction of light pulses with unequal group velocities, the efficiency of the N-type APM has an upper limit of order 0.1 radians at the single-photon level, as investigated by Harris et al. [9] . To overcome this upper limit, there have been many theoretical proposals and experimental studies on this subject in recent years [18] [19] [20] [21] . These methods often require a beam tightly focused to a spot size equal to the area of the atomic absorption cross section as well as a medium with a large optical depth, which remain technically challenging.
Here we propose a novel scheme of APM based on a phase-dependent double-Λ EIT system and demonstrate a large phase shift of a few-photon pulse induced by another few-photon pulse in cold 87 Rb atoms. A nonlinear phase shift of order π induced by a light pulse containing 16 photons was observed with this scheme, to our knowledge, which is currently the best result in EIT-based APM schemes. Additionally, a gain behavior resulting from coherent photon transfer due to the competition between two four-wave mixing (FWM) processes was observed in this double-Λ system.
In the present study, we investigated the double-Λ-based APM in a laser-cooled 87 Rb atomic system, as depicted in Fig. 1(a) . Dense cold atomic gas with a large optical depth of approximately 40 was produced in a dark spontaneous-force optical trap (SPOT) [22] . The dark SPOT was implemented using a typical magneto-optical trap with a bright capturing region, and two perpendicular repumping beams (diameter 2.5 cm, power 0.4 mW) with 5 mm diameter dark areas that drove the |1 ↔ |3 transition resonantly to form a dark region in the center of the trap. The temperature of the cold 87 Rb atoms produced in the dark SPOT was around 300 µK.
A strong coupling field (Ω 1 denotes its Rabi frequency) drove the |2 ↔ |3 transition to create a transparent medium for a weak probe pulse (Ω p , |1 ↔ |3 ) through quantum interference. The coupling and probe fields formed the first Λ-type EIT system. The second Λ-type EIT system was created by a strong control field (Ω 2 , |2 ↔ |4 ) and a weak signal pulse (Ω s , |1 ↔ |4 ). In the experiment, the coupling and probe fields were right circularly polarized (σ+) while the control and signal fields were left circularly polarized (σ−). The four laser fields drove the D 2 -line transition of the 87 Rb atoms to form the double-Λ EIT system, as shown in Fig. 1(a) .
A schematic diagram of the experimental setup is shown in Fig. 1(b) . The probe and signal fields were produced using a single diode laser (DL1); the coupling and control fields were produced using another diode laser (DL2). DL2 was directly injection locked using an external cavity diode laser (ECDL, TOPTICA DL 100) with a laser linewidth of around 1 MHz. One beam from the ECDL was sent through a 6.8-GHz electro-optic modulator (EOM, New Focus 4851). DL1 was injection locked by an intermediate laser seeded with the high-frequency sideband of the EOM output. The above arrangement is capable of completely eliminating the influence of the carrier of the EOM output on DL1. The probe beam was overlapped with the signal beam on a polarization beam splitter (PBS), and then sent to a single-mode fiber (SMF) to obtain the optimal spatial mode-matching. The e −2 diameters of the probe (signal) and coupling (control) beams were 0.2 mm and 3 mm, respectively. These two beams propagated at an angle of 0.9
• . All of the laser fields were switched on and off via acoustooptic modulators (AOMs). We utilized AOM1 to control arXiv:1302.1744v2 [physics.optics] 8 Feb 2013 the widths of the probe and signal pulses. The coupling and control fields were switched on and off via AOM4, as shown in Fig. 1(b) . The experimental data were detected by a photomultiplier tube module (PMT, Hamamatsu H6780-20 and C9663) with a conversion gain of 9 × 10 7 V/W, and then recorded using an oscilloscope (Agilent MSO6034A) throughout the experiment.
When conducting the phase-dependent double-Λ experiment, an electro-optic phase modulator (EPM, Thorlabs EO-PM-NR-C1) was applied to vary the phase of the coupling field (Ω 1 ). Furthermore, to stabilize the relative phase of the four laser fields, two main setups were utilized in this experiment. (i) The optical paths of the probe and signal (coupling and control) fields were arranged in the configuration of a Sagnac-like interferometer to reduce the path fluctuations between these two beams, as shown in Fig. 1(b) . (ii) AOM2 and AOM3 were driven by the same RF generator through an RF power splitter (Mini-Circuits ZMSC-2-1+). However, due to temperature fluctuations, there was a long-term phase drift of approximately 1 radian per hour in the current experiment.
To theoretically analyze the behavior of the probe and signal pulses propagating in the double-Λ EIT medium, we used the Maxwell-Schrodinger equations below:
where Ω p = |Ω p |e iφp and Ω s = |Ω s |e iφs are the Rabi frequencies of the probe and signal pulses, respectively. φ p (φ s ) describes the phase information carried by the probe (signal) pulse. ρ 31 (ρ 41 ) is the slowly-varying amplitude of the optical coherence of the probe (signal) transition. α p = nσ 13 L (α s = nσ 14 L) represents the optical depth of the probe (signal) transition, where n is the number density of the atoms, σ 13 (σ 14 ) is the atomic absorption cross section of the probe (signal) transition, and L is the optical path length of the medium. γ 31 and γ 41 are the total coherence decay rates from the |3 and |4 excited states, respectively. We note that the optical depths of the probe and signal transitions in this experiment are the same (α p = α s ) because σ 13 is equal to σ 14 by considering three degenerate Zeeman sublevels, as shown in Fig. 1(a) .
In the case where the probe and signal fields are very weak (i.e., ρ 11 1), the optical Bloch equations of the slowly-varying amplitudes of the density-matrix elements are given by: 
where Ω 1 = |Ω 1 |e iφ1 and Ω 2 = |Ω 2 |e iφ2 are the Rabi frequencies of the coupling and control transitions, respectively. φ 1 (φ 2 ) describes the phase information carried by the coupling (control) field. ∆ denotes the detuning of the signal transition [see Fig. 1(a) ]. γ 21 represents the dephasing rate of the |1 and |2 ground states. Each parameter in the theoretical model was individually determined from additional experiments as follows: |Ω 1 | was determined from the separation of the two absorption peaks in the EIT spectrum. |Ω 2 | was determined from the EIT-based photon switching [14] . α p was derived from the delay time of the slow light pulse [10] . γ 21 was 0.0010(2)Γ, as estimated by the degree of EIT transparency. Γ = 2π × 6 MHz is the spontaneous decay rate of the excited states. γ 31 and γ 41 were both 1.25(2)Γ, contributed mostly by the spontaneous decay rate and laser linewidth, as obtained from the spectral width of the one-photon absorption. Under the conditions of γ 21 = 0 and γ 31 = γ 41 , the steady-state solutions of Eqs. (1)- (5) for the probe and signal fields are: .
where
|Ω| 2 γ31 , and we define the relative phase of the four laser fields, φ r , as (φ p -φ 1 )-(φ s -φ 2 ). In the case where ∆ = 0, |Ω p (0)| = |Ω s (0)|, and |Ω 1 | = |Ω 2 |, according to Eqs. (6) and (7), Ω p (α p ) = |Ω p (0)|e iφp and Ω s (α s ) = |Ω s (0)|e iφs when φ r = 0, which means the double-Λ medium becomes completely transparent for both the probe and the signal fields. On the other hand, when φ r = π, the medium becomes opaque and has maximum attenuation for both the probe and the signal fields. This phase-dependent double-Λ system with ∆ = 0 can be applied in low-light-level all-optical switching, as previously described [23] . Here we focus on demonstrating all-optical phase modulation based on a non-resonant double-Λ system with ∆ = 0. Of note, the influence of the relative phase of the applied laser fields on the property of the double-Λ medium has been theoretically discussed in Ref. [24] . The matched propagation of a pair of ultraslow light pulses in the double-Λ system has also been studied in Ref. [25] .
We first measured the transmission of a probe pulse propagating through a three-level Λ-type EIT medium. After all of the lasers and magnetic fields of the dark SPOT were turned off and the coupling field (Ω 1 ) was switched on for 100 µs, the 50-µs probe square pulse was switched on to perform the measurement. The experiment was conducted at a repetition rate of 100 Hz. The input power of the probe pulse was set to 1 nW in the EIT experiment. The Rabi frequency of the coupling transition, |Ω 1 |, was 0.5Γ, corresponding to the coupling laser power of 258 µW. Figure 2 shows the probe transmission as a function of probe detuning. The inset shows the EIT transmission window. The measurement data (circles) are in good agreement with the theoretical curve (red line). The theoretical curve was plotted using the EIT theoretical expression in Ref. [26] . Next, a non-resonant double-Λ experiment in the pulsed regime was performed. Figure 3 shows typical data from the double-Λ experiment, where α p = 46, ∆ = 13Γ, |Ω 1 | = |Ω 2 | = 0.7Γ, and the input powers of both the probe and the signal pulses were set to 1 nW, corresponding to
Here the widths of both the probe and signal pulses were set to 10 µs. We utilized the EPM to vary the relative phase φ r in the double-Λ experiment [see Fig. 1(b) ]. The relative phase φ r was set to 1.5 radians in Fig. 3(a) and 4.5 radians in Fig. 3(b) . The solid and dashed lines represent the experimental data and theoretical curves, respectively. The theoretical curves were plotted by numerically solving Eqs. (1)- (5). The black (green) lines are the input probe (signal) pulses, and the blue (red) lines are the transmitted probe (signal) pulses. The group-velocity mismatch of the transmitted probe and signal pulses in Fig. 3 is due to ∆ = 0. The experimental data also show that the power of the transmitted light exceeds its input power in the non-resonant double-Λ system. This gain behavior of the double-Λ medium resulted from coherent photon transfer between two N-type FWM processes (|1 → |3 → |2 → |4 → |1 and |1 → |4 → |2 → |3 → |1 ). It is worth noting that recently the techniques of FWM-based coherent photon conversion in photonic crystal fibres have been proposed to implement an efficient quantum computing [27] . Furthermore, McGuinness et al. have demonstrated that FWM-based quantum frequency conversion can preserve the number statics of single-photon states [28, 29] .
To measure the phase shift of the weak probe pulse induced by the weak signal pulse, we utilized a beat-note interferometer for low-light-level phase measurement in the pulsed regime. The phase shift of the probe pulse was measured by directly comparing the reference and probe beat notes. The probe transmission was simultaneously obtained from the amplitude of the probe beat notes. The experimental setup and details of the beatnote interferometer can be found in Ref. [26] . Figure 4 shows the experimental data of the double-Λ-based APM. The experimental parameters are the same as those in Fig. 3 except for the optical depth (α p = 41). We first performed the double-Λ experiment where the input powers of both the probe and the signal pulses were set to 1 nW, corresponding to 40,000 photons per pulse. This deviation is possibly ascribed to the three degenerate Zeeman sublevels of 87 Rb atoms in the experiment, which was not considered in our theoretical model [30] .
In Fig. 4 , we also observed a phenomenon of phase jump when the relative phase φ r was around 4.5 radians. The behavior of the phase jump closely depends on the initial conditions of the double-Λ system. A detailed analysis will be published elsewhere. As the number of the probe and signal photons decreased, the measurement data became increasingly chaotic, as shown in Figs. 4(c)-4(f) . We emphasize that the phase noise of the beat-note interferometer measured from the fluctuations in the number of detected photons was less than 0.1 radians because each data point was averaged 4096 times in this measurement [26] . Therefore, the chaotic data in Figs tions in the optical phase and the number of photons of the few-photon pulses, which can be eliminated using a biphoton with a constant phase difference (i.e., φ p − φ s = constant). Although these data possess a large amount of phase noise, the measured values are still valid considering the considerable phase shift. For instance, in Fig. 4(f) , a maximum phase shift of -3.0 radians was observed when the relative phase φ r was set to 4.3 radians. In the absence of the signal field, the probe transmission and phase shift were measured around 22% and -0.1 radians, respectively. In other words, the signal pulse made the probe pulse acquire a phase shift of order π at the few-photon level has been realized with this double-Λ EIT scheme.
In conclusion, we have demonstrated an efficient APM based on a double-Λ EIT system at the few-photon level. A nonlinear phase shift of order π induced by a light pulse containing 16 photons was observed in cold 87 Rb atoms with this scheme. The property of the double-Λ medium can be controlled by changing the phases of the applied laser fields. This phase-dependent mechanism has been investigated in this work. The conventional Ntype APM based on EIT at the single-photon level has a theoretical maximum phase shift on the order of 0.1 radians [9, 17] . Our results shows that this double-Λ-based APM scheme has the potential to overcome this limitation, making it feasible to use single photons to induce a conditional phase shift of π.
